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Relaxation dynamics of weakly interacting two quantum systems
2014/05/06 Shin-ichi Sasa

Question

We consider a quantum system consisting of two subsystems whose Hamiltonians are
given by H; and H,. We assume that [Hy, Ho] = 0 and that the two subsystems interact
through the interaction Hamiltonian ¢ Hy,, where ¢ is a dimensionless constant. The total

Hamiltonian is written as

H = Hy + Hy + 6 Hypy. (S1)

The initial state of the system is described by the density matrix p. For simplicity of later
arguments, we study the case that p is given by the local canonical state
pgg e e_w(/go)_ﬁOH_BOEHint7 (82)
where 3° = (89, 39), B°H = >_7_, BVH,, and 5° = (89 + (3)/2. B represents the tempera-
ture of the k-th subsystem.
Let U(t) = e 1t be the time evolution operator. (The Planck constant & is set to unity.)
With the definition of modified Hamiltonians

~ 1
Hk = Hk + §5Hint7 (SS)
we study the time evolution of
Ey(t) = Te[U(t)pgs U (t) Hy). (S4)
It should be noted that
E\(t) + E5(t) = E1(0) + E5(0). (S5)
We then have JE (1)
k
- = Te[U(t)pgs U (t) Ji] (S6)
with
Jp = i[H, Hy). (S7)

In this note, we derive a (well-known) formula describing the energy exchange rate dF; /dt
under the condition that (i) the system is near equilibrium

B — B3
Bo

0<e= <1 (S8)

and (ii) the coupling is week
0<s< 1. (S9)
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Derivation

First, we introduce the time dependent parameter 3(t) such that

Tr[U(t)plgs Ut (t) Hy] = Tr[pgey Hil,

which is written as

Here, by defining

we also obtain

Ei(t) = —

S(E)=i

Br(t) =
which provides 8(t) for a given E(t). It is natural to define 5(t) = (81 () + B2(t))/2.

Next, we define the operator ®(t) by
U (1) = e,

We then confirm that

with

Now, we express ®(t) as

o(t)

- @

W(B(t)) -

() =
with
o(s)
Since
15| <
it is expected that |X(t)] =
dE\(t)
.

+[B

0w (B(1))
0Bi(t)

gWE+Ww%

IS(E(t))
DEL(t)

Ut)2(0)U(t)

~u(8°) - B°H

= —U(B(t) - Bt/ H + X(t),
which, precisely speaking, provides the definition of (t). Namely,

U(B(t) + B(t)H — ¥(8°) — BU(t)HU(¢),

Ahw@)

0:[W(B(s)) + B(s
Bt~ ) HU(t — 5) — E(s)]
) = Ba(s)IU

Ba(s)

1(s

B(s)U(t — s)HUT(t — )]

(t— s)JlUT(t — 5).

V()| + |B(HH — B°UHU' (1),
O(e) for all t. (It is not a proof.) We thus obtain

23

(S10)

(S11)

(S12)

(S13)

(S14)

(S15)

(S16)

(S17)

(S18)
(S19)

(S20)

(S21)

(S22)

(S23)



We then notice
Tr[ppmyJi] = O, (S24)

which is obtained from Tr[U(t)pg U (t)] = 1 for any ¢ and any 3.

Now we consider the condition 0 < § < 1. By recalling (S21) and |.J;] = O(0), we find that
dE;/dt = O(e6?), and 9,8(s) = O(ed?). By using this estimation and noting J; + J, = 0,
we obtain

dE;t(t) = /0 ds[B1(s) — Ba(9)] /0 duTr[,ogg)e“'g(t)ﬁU(t —8) UM (t — s)e‘“ﬂ(t)HJl]
+0(€?) + O(ed”) (S25)

= /_t dS[ﬁl(t—FS) —52(754—5)]/0 duTI‘[ng(—S—FZUB)JlUT(—S+ZUB)J1]
+0(€) + O(e6?), (S26)

where pg denotes the canonical density matrix.
At the last step, by introducing the scaled time

T =62, (S27)

defining the scaled variables Ef(7) = E\(t), B;(7) = Pk(t), and J* = J/§, we consider the

time evolution of

A(r) = pi(r) = B3(7) (528)
in the limit t = oo, € = 0, and 0 — 0 with fixed 7. With some assumptions, we then obtain
dA(T dB -
D_ D) @enam (520)
dr dEl B (7)

with ) o

k(B) = / du/ dsTr[pgU(—s + iuB) J; U (—s + iuB)J], (S30)
0 —00

where pg is the canonical density matrix.
The choice of the initial state seems very special. A more natural one is

p = Sk AP -HL) (S31)

which represents the situation that two independent equilibrium states with different tem-
peratures are prepared. In this case, we rewrite

p et eq)(o)""BO(SHint“!‘B’ (832)

where B = Y, BY[F(8)) + ¥(B%)] = O(f). It is easy to modify the above argument. The

final result is the same as (S29).
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